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In this study, a new storage-discharge equation for unsaturated zone considering the soil moisture
suction is proposed for dry mild-slope basins. For wet steep basins a distributed hydrologic model
with kinematic wave approximations including surface-subsurface runoff, OHDIS-kwmss has been well
studied. However, when we apply this model for a dry mild-slope basin, the Illinois basin (2,400 km2) in
U.S, we found that the model predictions were not good. Especially, we observed that the model was not
capable to reproduce the hydrograph well even for the calibrated event itself by parameter tuning . Soil
moisture suction effect is important in dry mild-slope basins and the present equation does not include the
effect of soil moisture suction. Therefore, we derive a new equation by including the soil moisture suction
effect. Finally, the new equation is tested for different hillslopes and it is found that the new equation
shows different flow characteristics from the existing equation.
Key Words: subsurface flow, distributed hydrological model, storage-discharge relationship, mild- slope
basins, OHDIS-kwmss, prediction in ungauged basins

1. INTRODUCTION
Understanding the governing hydrological
processes in different regions of the world is
necessary to realize predictions in ungauged basins.
In this regards, physically realistic models can play
a major role. However, in practice simplicity of the
process is also needed because even at hillslope
scales complicated models such as three
dimensional Richards equation are not feasible1).
Furthermore, measuring physical properties of soils,
vegetation etc. in finer spatial and temporal
resolutions is not realistic. Therefore, lumping
processes in some extent is necessary for basin scale
applications. Kinematic approximation is one of the
simplified approaches, which is used to model the
hydrological process in both surface and subsurface
flow2),3),4),5).
OHDIS-kwmss is a distributed hydrological
model with kinematic wave approximations
including surface-subsurface runoff developed at
Kyoto University3),6). In general, Japanese basins are

wet steep and this model has been successfully
applied for many basins in Japan. Hunukumbura et
al.7) applied the model to the Maruyama River basin
(909 km2) in Japan and found that the model
calibrated for small flood event can be used to
predict large flood events as well with good
prediction accuracy. Further they concluded that the
calibrated model using the runoff data at the basin
outlet is capable of predicting the inside locations
with reasonable accuracy. However, this model is
not tested in other places in the world. Applications
of hydrological models and testing their capabilities
in different basins in the world are vital to
understand the governing hydrological processes in
each region.
In this study, we investigate the prediction
capability of OHDIS-kwmss model for the Illinois
River basin in U.S, which is one of the experimental
basins of the Distributed Model Inter-comparison
Project, DMIP 8),9). In DMIP phase 1, seven
distributed hydrological models (SWAT, NOAH
Land Surface model, HRCDHM, HL-RMS, VIC-
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3L, TOPNET and WATFLOOD) were applied to
the Illinois basin at Tahlequah. Results show that
the overall Nash coefficient for each model varies
from 0.27 to 0.85 for the calibration period. Event
absolute error for all the models for the same period
is greater than 20%. The best Nash-coefficient value
for the calibration period (0.85) was obtained from
the HL-RMS model with Sacramento Soil Moisture
Accounting Model (SAC-SMA), and hillslopechannel routing employs the kinematic wave. This
model uses larger spatial resolution (16 km2) grids
10),11),12)
.
Our experience in OHDIS-kwmss in wet steep
basins in Japan shows higher Nash-coefficient value
(greater than 0.95) for model calibration period. As
the model was not tested yet in dry mild-slope
basins, main objectives in this study are to check
whether the present model structure is good enough
to capture the hydrological process in dry mildslope basin and if it is not sufficient, which
modification is necessary to make good prediction
in dry mild-slope basins.
The model is calibrated for the basin by using
SCE-UA algorithm13),14) and after applying the
calibrated model parameters for other events, it is
observed that the model predictions are not good in
the Illinois River basin. Even for the calibrated
event, it was not possible to reproduce the observed
outflow hydrograph well by parameter tuning. It
means that the present model equations representing
the surface and subsurface flow with kinematic
wave approximation, is not sufficient to capture the
governing hydrological processes in the basin. The
Illinois River basin is mild-slope dry basin, and
hence the effect of soil moisture suction in the
unsaturated zone would be significant.
In this study a new storage-discharge equation
for unsaturated zone considering the soil moisture
suction is proposed. The new equation is based on
the Darcy’s equation, and soil moisture suction head
term is replaced using Campbell’s simplified
model15) representing the soil moisture and
hydraulic conductivity characteristics. The equation
is possible to include the effect of soil moisture
suction by adding only one additional parameter to
the existing model. Finally, the new storagedischarge equation is tested for single hill slopes
with different parameters and the slope flow
characteristics of the new equation is compared with
the existing equation.
Section 2 describes the existing model used in
this study and its applications to the Illinois basin.
Section 3 presents the derivation of the new
equation and numerical solution. Application and
comparison of the existing and new equation are
given in section 4.

2. EXISTING MODEL APPLICATIONS
(1) The existing storage-discharge equation
OHDIS-kwmss is based on the one dimensional
kinematic wave theory and developed by Ichikawa
et al.6). The basin topography in the hydrologic
model is represented according to the methodology
described in Shiiba et al.16). In the distributed
hydrologic model, it is considered that the basin
consists of number of rectangular slope elements
which drains to the deepest gradient of its
surrounding.
It is assumed that the each slope element of the
basin is covered with a permeable soil layer and a
storage-discharge relationship for unsaturated,
saturated and overland flow defined by the threshold
dm and da3) is adopted. The stage discharge
relationship used in the OHDIS-kwmss model are
given in Eq.(1). In this equation, the soil moisture
suction head in the unsaturated zone is not included.
Therefore, it is supposed that the equation is
basically applicable for hill-slopes with steep slope
angle and wet condition:
⎧k m d m i ( h / d m ) β
0 ≤ h ≤ dm
⎪
q = ⎨k m d m i + k a i (h − d m )
dm < h ≤ da
⎪k d i + k i (h − d ) + α (h − d )m d < h
a
m
a
a
⎩ m m

(1)

where, q is the discharge per unit width; h is the
stage; i is the slope; km and ka are saturated
hydraulic conductivities in the capillary pore and
non-capillary pore respectively.
(2) Application of OHDIS-kwmss model for the
Illinois River basin
To check the capability of the present storagedischarge equation to capture the hydrological
processes in different type of basins, we have
applied the model to the Illinois River basin in US
(Fig. 1). It is one of the Distributed Model Intercomparison Project experimental basins8),9). The
Illinois basin at Tahlequah is about 2,400 km2 in
size and situated in both Oklahoma and Arkansas
state, U.S. The average annual flow rate at the basin
outlet and the average annual rainfall of the basin
are about 29 m3/s and 1142 mm, respectively. In the
basin, rocky soils and outcrops tend to remain either
forest or pasture12). Hourly precipitation data
derived from gauged-adjusted radar and hourly
stream flow data at Tahlequah are obtained from
DMIP website9). Altogether 15 flood events
occurred between 1996 to 2001 were selected for
this study. The summery of all selected events are
given in Table 1. The 30 m digital elevation model
is also downloaded from the same website and it
was resampled to 300 m grid size. The OHDISkwmss model was then set up to the basin.
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Table 1 Detail of the selected flood events at Tahlequah.

DMIP ID
Event-6
Event-7
Event-8
Event-9
Event-10
Event-11
Event-12
Event-13
Event-14
Event-15
Event-16
Event-17
Event-18
Event-19
Event-20

Rainfall /(mm)

Rainfall /(mm)

Fig. 1 The Illinois River basin.

Event 7

Rainfall /(mm)

Rainfall /(mm)

Discharge/(m3/s)

Discharge/(m3/s)

Event 6

Event 9

Rainfall /(mm)

Rainfall /(mm)

Discharge/(m3/s)

Discharge/(m3/s)

Event 8

Event 13

Discharge/(m3/s)

Discharge/(m3/s)

Event 10

Fig. 2 Model calibration and validation at the Illinois River
basin.
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Fig. 3 Slope-area comparison for the Maruyama and the Illinois
River basins.

Total RF
(mm)
58
120
92
110
87
75
135
67
105
37
15
95
108
39
56

Total Flow
(mm)
18.2
35.1
32.9
63.2
38.9
5.0
81.6
48.5
17.0
28.4
17.4
35.8
48.5
5.8
14.4

Initial Flow
(mm)
0.026
0.005
0.049
0.059
0.020
0.011
0.041
0.054
0.007
0.043
0.048
0.046
0.051
0.011
0.013

(3) Results and discussion for Illinois River
basin
The model was calibrated for the flood Event 6
in Table 1 using SCE-UA algorithm and the
calibrated model parameters were then use to
predict the other 14 events. Prediction results of
some events including the calibration event are
shown in Fig. 2.
According to our past experience in Japan,
calibrated parameters for any event can be used to
predict the other events with good prediction
accuracy7). In contrast, the model predictions are not
good for all events in Illinois basin (Fig.2).
Therefore, it is clear that the calibrated parameters
for Event 6 are not suitable to predict the other
events. For further clarification on this, we have
calibrated the model using Event 9 data and used the
calibrated parameters to reproduce other events. We
observed similar results. It means that, the existing
storage discharge relationship is not well capture the
governing hydrological process in the Illinois basin.
Furthermore, it is found that the objective function
value (Nash coefficient) for model calibration is
0.68 and it is much lower value than that of usually
experienced in Japanese basins. Moreover, Event 9
and 13 shows little better prediction than others.
From Table 1, it can be noted that the initial flow
rate of the Event 9 and 13 are higher than that of
other events. In other words, initial condition of the
basin for these two events is wetter than the other
events. Therefore, it is concluded that the
hydrological responses of this basin are highly
nonlinear for dry conditions.
Considering all these facts and figures, the model
is not applicable to reproduce the observed
hydrographs even for calibrated events by changing
the model parameters. Thus we concluded that the
present storage-discharge equation is not sufficient
for flood prediction of dry and mild-slope basins
such as the Illinois basin. Figure 3 shows the slope-
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area distributions of the Illinois basin and the
Maruyama basin in Japan. According to this, the
average slope of the Illinois basin is about 5 deg
while that of the Maruyama basin is about 20 deg.
In the derivation of the stage discharge equation
for the unsaturated zone, kinematic wave
approximations were used in the present model and
the soil moisture suction head term was neglected
assuming the steep slope. Illinois basin is a dry
mild-slope basin. Therefore the effect of soil
moisture suction head is important. We believe that
the extension for the present model equations
considering the effect of soil moisture suction head
is necessary for modeling highly nonlinear dry mildslope basins.

3. DERIVATION OF NEW STORAGEDISCHARGE
EQUATION
FOR
UNSATURATED ZONE
(1) Derivation
of
new
storage-discharge
equation
The subsurface flow is conceptualized as two
types of flows, saturated flow through non-capillary
pores and unsaturated flow through capillary pores.
First, unsaturated flow happens and after the water
storage in the soil becomes greater than a threshold
dm, the saturated flow starts. Figure 4 shows the
vertical section of the hill-slope, and Figure 5
shows the water storage h profile along the slope.
The total pore volume, capillary pore volume and
water storage in the soil at each cross section of the
slope are represented as height da, dm and h.
For the unsaturated flow (0 ≤ h < dm) , by
applying the Darcy’s equation along the slope,
average moisture flux velocity vm to the down slope
direction can be written as;
v m = −k

∂H
∂( z + ϕ )
⎛ ∂ϕ ⎞
= −k
= k⎜i −
⎟
∂x
∂x
⎝ ∂x ⎠

1

b

and

k ⎛α ⎞
=⎜ ⎟
k m ⎜⎝ φ ⎟⎠

Fig. 4 Cross section of the soil layer.

x

Fig. 5 Soil water storage variation along the slope.

moisture suction curve. The parameter β has
relationship of β =3+2b.
According to the setting shown in Fig. 4,
α h
=
φ dm

Therefore;
⎛ h ⎞
⎟⎟
⎝ dm ⎠

ϕ = H a ⎜⎜

−b

⎛ h ⎞
and k = k m ⎜⎜ ⎟⎟
⎝ dm ⎠

β

(5)

Using Eq.3 and Eq.5 we can get;
( − b −1)
⎛
∂h ⎞⎟
1 ⎛ h ⎞
⎜⎜ ⎟⎟
vm = k ⎜ i + bH a
⎜
∂x ⎟
dm ⎝ dm ⎠
⎝
⎠

(6)

Therefore, the moisture flux rate per unit width, q
can be written as a function of storage and its
gradient;
β

⎛ h ⎞
⎛ h ⎞
q = k m d mi⎜⎜ ⎟⎟ + k mbH a ⎜⎜ ⎟⎟
⎝ dm ⎠
⎝ dm ⎠

( β − b −1)

∂h
∂x

(7)

The difference between this new equation and the
existing equation for the unsaturated zone is that the
new equation has an additional term with the storage
gradient, the second term of Eq.7. Interestingly, it is
possible to incorporate the effect of soil moisture
suction by using only one additional parameter Ha
to the existing equation. Furthermore, by setting the
parameter Ha to zero in the Eq.7, we can obtain
exactly the same equation as in the current OHDISkwmss model. Continuity equation of the water flow
in the slope element can be written as:

β

∂h ∂ q
+
= r (t )
∂t
∂x

(4)

where, km, φ , α and Ha are saturated hydraulic
conductivity, porosity, moisture content and air
entry suction pressure respectively (Ha < 0). The
parameter b is a constant and defines the soil

h

q

(3)

where k, i, H, z and ϕ , hydraulic conductivity, slope,
total head, elevation head and the moisture suction
head respectively.
In the case of steep, the difference of the soil
moisture suction head in the flow direction can be
assumed very small as compared to the difference of
the elevation head. Therefore the suction head term
can be neglected. However, for mild slope this could
significant and should be included. To incorporate
the soil moisture suction term, Campbell’s model
(Eq.4) for soil moisture and hydraulic conductivity
is used:
α ⎛ Ha ⎞
⎟
=⎜
φ ⎜⎝ ϕ ⎟⎠

Soil

(8)

where r(t) is the rainfall intensity to the slope
element.
Finally substituting the Eq.7 to Eq.8 we can
obtain;
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2

∂h
∂h
∂ 2h
⎛ ∂h ⎞
+ A + B⎜ ⎟ + C 2 = r (t )
∂t
∂x
∂x
⎝ ∂x ⎠

where;

60 mm/hr

(9)

( β −1)

⎛ h ⎞
k bH (β − b − 1) ⎛ h ⎞
⎜⎜ ⎟⎟
,B = m a
A = k miβ ⎜⎜ ⎟⎟
dm
⎝ dm ⎠
⎝ dm ⎠
( β −b −1)
⎛ h ⎞
C = k mbH a ⎜⎜ ⎟⎟
⎝ dm ⎠

( β −b − 2 )

Fig. 6 Test case 1 – rainfall applied to the entire hillslope.

(2) Numerical solution
This non-linear equation (Eq.9) needs to be
solved for h to calculate q. In this regard, A, B and C
in the Eq.9 are calculated using known time level
while the derivatives are calculated implicitly17).
Following boundary conditions are assumed to solve
the above equation.
For x = 0; h = 0 for all t and
For t = 0; h = 0 for all x

60 mm/hr

V

m

Fig. 7 Test case 2 – rainfall applied at the upper half.
Table 2 Parameter values used in the models.

Using the five point implicit scheme, partial
derivatives can be written as;
hn −1, j − hn −1, j −1
hn , j − hn , j −1
∂h
= (1 − θ )
+θ
∂x
Δx
Δx
hn, j −1 − hn −1, j −1
hn, j − hn −1, j
∂h
= (1 − λ )
+λ
∂t
Δt
Δt

Δx 2

⎧
⎪
⎪
⎪r (e) − A⎡θ hn , j − hn , j −1 + (1 − θ ) hn −1, j − hn −1, j −1
⎢
⎪
Δx
⎢⎣
⎪
2
⎪
Δt ⎪ ⎛⎜ θ hn, j − hn , j −1 + (1 − θ ) hn −1, j − hn −1, j −1 ⎞⎟
=
⎨− B ⎜
⎟
Δx
λ ⎪ ⎝
⎠
⎪
⎡
⎤
−
+
h
h
h
θ
2
n, j
n , j −1
n, j − 2
⎪
+
⎥
⎪ ⎢
Δx 2
⎢
⎥
⎪− C
n
⎪ ⎢ (1 − θ ) hn −1, j − 2hn −1, j −1 + hn −1, j − 2 ⎥
⎥
⎪⎩ ⎢⎣
Δx 2
⎦
(1 − λ ) 1
−
hn , j −1 − hn −1, j −1 + hn −1, j

hn , j

(

)

)

(

(

)

)

(

λ

(

(

)

0.05
4
600

da ( mm)

650

(mm)

Slope Length (m)

Substituting above derivatives into Eq.9, h is
represented as:

(

value

Km (cm/hr)
β (‑)
dm ( mm)
Ha

− 2hn −1, j −1 + hn −1, j − 2
h
∂ 2h
= (1 − θ ) n −1, j
+
∂x 2
Δx 2
hn, j − 2hn , j −1 + hn , j − 2

θ

Parameter

⎫
⎪
⎪
⎤⎪
⎥⎪
⎥⎦
⎪
⎪
⎪
⎬
⎪(10)
⎪
⎪
⎪
⎪
⎪
⎪⎭

)

)

where, n and j are current time step and current
spatial step, respectively. The parameters λ and θ are
weights factors. We use 1 and 0.5 for λ and θ
respectively. Eq.10 is solved for hn,j iteratively and
then find the corresponding the value of q.

4. APPLICATION AND COMPARISION
OF THE NEW EQUATION WITH
EXISTING EQUATION
One simple hillslope is used to study the
characteristics of the new equation and to compare it
with the existing equation. The same parameter
values were select for both models except the Ha

-100
100

parameter which is the additional parameter used in
the new equation. The parameter values are given in
Table 2. It is assumed that the hill-slope is initially
fully dried. Constant rainfall intensity (60mm/hr for
10 hours) is applied for the hillslope and two cases
are tested; 1) rainfall is given to the entire hillslope,
(this represent slope elements near to the river or
edges with more water content in the downstream)
(Fig. 6); and 2) to the upper half of the slope (this
represent when the rain occurred on hill mountains
while the downstream is dry)
(Fig. 7) to
understand the characteristics of flow for spatially
distributed rainfall. Outflow hydrographs are
simulated for both equations for different slope
angles. With the parameters which we have chosen,
the soil remains unsaturated throughout the
simulation period.
Figures 8 and 9 show the simu lated
hydrographs of the new and existing equations for
different hillslope angles for Case 1 and Case 2,
respectively. When apply the rainfall for entire slope
(Case 1), it is found that difference of the simulated
hydrographs from new and existing equation is not
significant. It means if the soil moisture distribution
pattern looks like Fig.6, the differences of
discharges by the two equations are small. In Case
2, for higher slope angles, the difference between
two equations is also not significant. Even though
we consider the soil moisture suction in the new
equation, we cannot see difference because the
elevation head difference for steep slopes is
considerably larger than the difference of soil
moisture suction. In contrast, we can see a clear
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it is found that the effect of lateral soil moisture
suction difference has significant effect on the
discharge.

Runoff height (mm/hr)

Slope 30￮
Slope 15￮

Slope 5￮

Further research is to apply the distributed
hydrologic model with the new storage-discharge
equation to the Illinois River basin and confirm the
applicability of the new equation for dry and mildslope basins.

Slope 3￮
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z
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Simulated flow by using both equations for
hillslopes with different slope angles were
obtained and compared. For steep slopes, both
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